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Abstract 

Some algebraic aspects of field quantization in space-time with boundaries are 
discussed. We introduce an associative algebra Br, whose exchange properties are 
inferred from the scattering processes in integrable models with reflecting boundary 
conditions on the half line. The basic properties of Br are established and the Fock 
representations associated with certain involutions in Br are derived. We apply these 
results for the construction of quantum fields and for the study of scattering on the half 
line. 



1. Introduction 



It is well known that the presence of boundaries in space affects the behavior of 
quantum fields. In this paper we discuss the influence of the boundary conditions on 
the canonical commutation relations between creation and annihilation operators. Our 
investigation is inspired mainly by the factorized scattering theory of integrable models 
with reflecting boundary conditions on the half line. In the absence of boundaries 
[6,13,26], the algebraic features of these models are encoded in the Zamolodchikov- 
Faddeev (Z-F) algebra [6,26], denoted in what follows by Ar. This is an associative 
algebra, whose generators satisfy quadratic constraints, known as exchange relations. 
The Fock representation of Ar equipped with an appropriate involution describes the 
scattering processes in integrable models. In this respect one should recall first that the 
Fock space contains two dense subspaces whose elements are interpreted as asymptotic 
in- and out-states. Second, the S'-matrix can be explicitly constructed as a unitary 
operator interpolating between the asymptotic in- and out-spaces. 

In a pioneering paper from the middle of the eighties, Cherednik [4] suggested a pos- 
sible generalization of factorized scattering theory to integrable models with reflecting 
boundary conditions, which preserve integrability. The recent efforts to gain a deeper 
insight in various boundary-related two-dimensional phenomena, stimulated further in- 
vestigations [5,7-12,16,21,23-25] in this subject. Among others, we would like to mention 
the attempts to develop an algebraic approach. One of the basic ideas there is to extend 
the Z-F algebra by introducing [8-12] "boundary creating" (also called "reflection") op- 
erators, which formally translate in algebraic terms the nontrivial boundary conditions. 
When possible, such an algebraic formulation is quite attractive because the treatment 
of the boundary conditions in their standard analytic form is as a rule a complicated 
matter. In spite of the great progress in implementing the above idea in particular 
models, the fundamental features of the boundary operators and their interplay with 
the "bulk" theory are still to be investigated. This is among the main purposes of the 
present paper. 

We start our analysis by introducing an exchange algebra Br with the following 
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structure. In the above spirit, Bn contains both boundary and bulk generators. The 
latter have a counterpart in Ar, but we shall see that the exchange of two bulk gen- 
erators of Br involves in general boundary elements. The impact of the boundary on 
the bulk theory is therefore manifest already on the algebraic level, while the detailed 
boundary conditions are specified on the level of representation. We concentrate in this 
article on the Fock representations of Br. We will show that there exist two series of 
such representations, depending on certain involutions in Br. We shall construct these 
representations explicitly, establishing also their basic properties. As an application of 
these results, we will perform a detailed and rigorous investigation of the 5- matrix of 
integrable models in the presence of reflecting boundaries. 

The paper is organized as follows. In Sect. 2 we define the exchange algebra 
Br and investigate some of its basic features. We introduce the concept of reflection 
BR-algehra, and the related notion of reflection automorphism. At the end of this section 
we describe also a family of natural generalizations of Br. Sect. 3 is devoted to the 
Fock representations of Br. In Sect. 4 we describe some applications. We show that 
the second quantization on the half line naturally leads to Br. We also analyze here the 
scattering operator of integrable models. The last section contains our conclusions. In 
the appendix we construct representations of Br carrying a boundary quantum number. 

This article brings together and extends the results independently obtained by the 
present authors in [19] and [27]. 



Br is by deflnition an associative algebra with identity element 1. It has two types 
of generators: 



2. The Exchange Algebra Br 



{aa{x), a^'^ix) : a = 1, N, x e R^} 



(2.1) 



and 



mx) : 



a,p=l,...,N, X e R*} 



(2.2) 
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which, as mentioned in the introduction, are called bulk and boundary generators re- 
spectively. For convenience, we divide the constraints on (2.1,2) in three groups: 

(i) bulk exchange relations are quadratic in the bulk generators and read 

aaiixi) aa2{x2) - R^l'^^\{x2,xi) af32{x2)af3^{xi) ^ , (2.3) 

a*«H^i)«*"'(^2) - a*^^{x2)a*^^ix,)R''pl^^ix2,x,) = , (2.4) 
aai(a;i) a*"2(a;2) - a*'^^{x2) R'^^f^lixi, X2) ap^{xi) ^ 

ls{x^-X2)S^ll + ^S{x^+X2)b'^l{x,) ; (2.5) 

(ii) boundary exchange relations 

Rl\Z (^1' ^2) (Xl) R^Jl {X2, -X,) 6g (^2) = 

bllM Ri\%{xu -X2) bJlix,) R^sf^{-X2, -X,) ; (2.6) 

(iii) mixed relations 

aaAxi)bil{x2)^Rlll\{x2,x,)b'^l{x2)R^^^^^^^^^^ , (2.7) 

6£ (xi) a*- (0^2) = a*'^ {X2) RZ% {x^,X2) bJl {x,) R^^l^f {x2, -x,) . (2.8) 

In the above equations and in what follows the summation over repeated upper and 
lower indices is always understood. The entries of the exchange factor R are complex 
valued measurable functions on R* x R*, obeying 

RZ\lMxuX2)R^^l^^Ax2,x,) = S^,\S^,l , (2.9) 

RZ\Z (xi , X2) (a;i, xs) ix2, x^) = R^^ ix2,xs) Ri\% (x^.xs) R^f^l {xuX2) • 

(2.10) 

These compatibility conditions are assumed throughout the paper and can be consid- 
ered as general requirements on R, which together with eqs. (2.3-8) define the exchange 
algebra Br. Eq.(2.10) is the spectral quantum Yang-Baxter equation in its braid form, 
R* playing the role of spectral set. 
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Let us comment now on the exchange relations (2.3-8), which may look at first 
sight a bit complicated. Concerning the general structure, we observe that after setting 
formally all boundary generators in (2.3-8) to zero and rescaling by a factor of l/\/2 
the bulk generators, one gets the Z-F algebra Ar. This fact clarifies partially the origin 
of eqs. (2.3-5). The presence of boundary generators in the right hand side of (2.5) is 
worth stressing. This is one of the essential points, in which our approach differs from 
the previous attempts to define a boundary exchange algebra. 

Eq.(2.6) describes the exchange of two boundary generators taken in generic points 
and also deserves a remark. It looks similar to the boundary Yang-Baxter equation [4] ; 
the difference is that the elements {h^{x)} do not commute in general and consequently 
their position in (2.6) is essential. Notice also that {h^{x)} close a subalgebra of Br^ 
which presents by itself some interest [24]. Finally, eqs. (2.7,8) express the interplay 
between {aa(x), a*°^{x)} and {h^{x)} and represent another relevant new aspect of our 
proposal. 

Two straightforward examples, denoted by B±, correspond to the constant solutions 

Ri\i\ = ±€\€\ (2.11) 

of (2.9,10) and represent in the above context the counterparts of the canonical 
(anti)commutation relations. Eqs. (2.6-8) imply that {h^{x)} are central elements in 
B±. Nevertheless, also in these relatively simple cases the right hand side of eq.(2.5) 
keeps trace of the nontrivial boundary conditions. Two applications of B+ with N = 1 
are described in Sect. 4. 

To further understand the structure of Br and its representations, it is instructive 
to introduce some involutions in Br. Let Hn be the family of invertible Hermitian 
N X N matrices and let A4 be the set of matrix valued functions m : — > H^, such 
that the entries of m{x) and m{x)~^ are measurable and bounded in R*. Consider the 
mapping Im defined by 

Im : a*''{x)^m^Jx)af3{x) , (2.12) 

Im : aa{x)^a*'^{x)m-^^{x) , (2.13) 
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Im : b^ai^) ^ m}i-x) bt^i-x) m-'^ix) . (2.14) 
Provided that m e M. satisfies 

R^2raM^^2)m^l{xi)m^l{x2) = ml\{x2)mll{xi) R^l^'^{x2,xi) , (2.15) 

it is not difficult to check that when extended as an antihnear antihomomorphism on 
^R, Im defines an involution. In eq.(2.15) and in what follows the dagger stands for 
Hermitian conjugation, i.e. 

R^t/al{x^.X2)^R2;:{x^,X2) , 

the bar indicating complex conjugation. Notice that for the algebras B± eq.(2.15) is 
satisfied for any m e M. 

In this paper we shall concentrate on the following specific type of ^Bi^-algebras. 
We call the boundary generators {b^{x)} reflections if 

6^(x)6?(-x) = 5f (2.16) 

hold. In this case we refer to Br as reflection exchange algebra. The condition (2.16) 
is /^-invariant and one easily proves 

Proposition 1. Let Br be a reflection exchange algebra. Then the mapping 

Q : aa{x) ^ bi{x)a^{-x) , (2.17) 

^:a*"(x)i — >a*^{-x)b'^{-x) , (2.18) 

g : b^^ix) ^ b^^ix) , (2.19) 

leaves invariant the constraints (2.3-8) and extends therefore to an automorphism on 
Br. Moreover, being compatible with Im, Q is actually an automorphism of {Br, Im} 
considered as an algebra with involution. 

In what follows g is called the reflection automorphism of Br. Besides encod- 
ing some essential features of any reflection exchange algebra, g has a direct physical 
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interpretation in scattering theory: it provides a mathematical description of the intu- 
itive physical picture that bouncing back from a wall, particles change the sign of their 
rapidities. In fact, the two elements a*"(— x) and a*^(a;)6^(x) are ^-equivalent. 



This relation in our framework is the counterpart of a heuristic equation (see for exam- 
ple eq.(3.22) of [10]), conjectured in all papers dealing with factorized scattering with 
reflecting boundaries. In the next section we will show that the £i-equivalence becomes 
actually an equality in the Fock representation of {Br, Im}- For proving this statement 
we will use the relations 



{aa{xi) - g [aa{xi)]} a*^{x2) = a*'^{x2) Ra-yi^i, X2) {as{xi) - g [as{xi)]} , (2.21) 
{a*"(xi) - g [a*-(xi)]} 0*^(^2) = a^^x^) {a*\x,) - g [a*\x,)] } R;^{x2, xi) , 



whose validity follows directly from eqs. (2.3-5,7,8,16). 

Before concluding this section, we would like to introduce a whole class of more 
general exchange algebras which can be treated in the above way. The idea is to replace 
the reflection x 1— > —x, which plays a special role in deflning Br, with any almost ev- 
erywhere differentiable mapping A : x ^ x, satisfying the iterative functional equation 



The resulting exchange algebras will be denoted by Br^x and are characterized by the 
following constraints: the relations (2.3,4) remain unchanged, whereas (2.5-8) take the 
form 



a*«(-x) - a*^(x)6^(x) 



(2.20) 



(2.22) 



A (A(a;)) = x 



(2.23) 



aai{xi)a*°'^{x2) 



) - a*f'^{x2)Kf^l{x^,X2)a^,{x,) = 
{dixi - X2) S^l 1 + 6{xi - X2) hl\ (xi 



1 



)} 



(2.24) 



2|detA'(a;i)|i/2 



(^1, ^2) (Xl) {X2,X^) 6g {X2) 

bZl ix2) Ri\% {X„X2) hi (X,) R^,f^l {X2, X,) 



(2.25) 
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bi\{x^)a'''^^{x2) = a*'^{x2)RZ%{x^,X2)bJl{x^)R^^^^^^ . 

Here X'{x) denotes the Jacobian matrix of the function A. The results of this section 
regarding Br can be transferred with obvious modifications to Br^x. For the complete 
set of solutions of eq.(2.23) we refer to [14]. When s = 1 for instance, the mapping A 
can be any almost everywhere differentiable function in R whose graph is symmetric 
with respect to the diagonal {{x,y) e : x = y}. 

Summarizing, we introduced so far the exchange algebra Br and some natural 
generalizations of it. We defined also a set of involutions in Br, which are useful in 
representation theory. Focusing on reflection type Bjj-algebras, we shall construct in 
the next section the relative Fock representations. 



3. Fock Representations 

We consider in this paper representations of {Br, Im} with the following general 
structure. 

1. The representation space £ is a locally convex and complete topological linear space 
over C. 

2. The generators {aa{x), a*°'{x), b^{x)} are operator valued distributions with com- 
mon and invariant dense domain V G C, where eqs. (2.3-8) hold. 

3. V is equipped with a nondegenerate sesquilinear form (inner product) (■, ■ )m, 
which is at least separately continuous. The involution Im defined by eqs. (2. 12-14) 
is realized as a conjugation with respect to ( • , ■)m- 

A Fock representation of {BR,Im} is specified further by the following requirement. 

4. There exists a vector (vacuum state) G P which is annihilated by aa{x). More- 
over, Q is cyclic with respect to {a*"(a;)} and (fi , — 1- 

A more general situation, when a boundary quantum number [10] is present, is outlined 
in the appendix. 
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There is a series of direct but quite important corollaries from the above assump- 
tions. Let us start with 

Proposition 2. The automorphism q of any reflection Br- algebra is implemented in 
the above Fock representations by the identity operator. 

Proof. First of all we observe that 

{P'[a*]Q , {a^{x) - g[a^{x)]}P[a*]n)m = , (3.1) 

where P and P' are arbitrary polynomials. In fact, by means of eq.(2.21) one can shift 
the curly bracket to the vacuum and use that aa{x) annihilate O. Now the cyclicity of 
Q, combined with the properties of ( • , ■)m, allow to replace P'[a*]Q by an arbitrary 
state (fi eT>. A further conjugation leads to 

{P[a*]n , {a*"(a;) - ^[a*"(a;)]}(^)^ = , (3.2) 

which implies 

a*'^{x) = a*f^{-x)b'^{-x) (3.3) 
on v. Analogously, employing (2.22) one concludes that 

aa,{x)^b^^{x)af3{-x) (3.4) 

also holds on V. Finally, taking in consideration eq.(2.19) we deduce that g is indeed 
implemented by the identity operator. 

For describing some further characteristic features of the Fock representations of 
Br, we introduce the c-number distributions 

B^ix) = {n , biix)nu . (3.5) 

The requirement 3 implies that 

5tf (a;) = mli-x) B'^{-x) m-'^,{x) , (3.6) 

which is the analog of condition (2.15) regarding the exchange factor R. 
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Two other simple consequences of our assumptions 1-4 above are collected in 
Proposition 3. The vacuum vector Q is unique {up to a phase factor) and satisfies 

hi{x)^ = Bi{x)^ . (3.7) 



Proof. The argument implying the uniqueness of the vacuum is standard. Concerning 
eq.(3.7), it can be inferred from the identity 



P being an arbitrary polynomial. In order to prove eq.(3.8) we shift by a conjugation 
the polynomial to the first factor in the right hand side of (3.8) and apply afterwards 
the exchange relation (2.8) and eq.(3.5). For completing the proof, one also employs 
that O is cyclic and ( ■ , ■)m is continuous and nondegenerate. 

Combining eq.(3.7) with the fact that aa{x) annihilate fi, we conclude that 
eqs. (2.5,7,8) allow for a purely algebraic derivation of the vacuum expectation values 
involving any number and combination of the generators {aa.{x)^ 0**^(0;), h^{x)}. In 
particular, taking the vacuum expectation value of eq.(2.6) one gets 



We thus recover at the level of Fock representation the original boundary Yang-Baxter 
equation [4]. In addition, when one is dealing with reflection algebras, eq.(2.17) implies 



In this case we refer to B as reflection matrix. 

A flnal comment in this introductory part concerns the algebras B±. Using that 
{h^{x)} are central elements, in a Fock representation of B± one has 




(3.8) 



BZIM Ri\%{xu -X2) Blix^) <t (-0^2, -X,) 



(3.9) 



Bl{x)B^(-x) = 5i 



(3.10) 




(3.11) 



for any (p E T>. 
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At this stage it is convenient to introduce the set M.{R,B) of all elements of M. 
obeying both eqs.(2.15) and (3.6). Then the basic input fixing a Fock representation 
of the reflection algebra {BR,Im} is the triplet {R, B; m}, where R and B satisfy 
eqs.(2.9,10) and (3.9,10), and m G A4{R,B). Some explicit examples of such triplets 
have been found already by Cherednik [4]. With any {R, B; m} we associate a Fock 
representation denoted by J^R,B;m- To the end of this section we will describe the 
explicit construction of J-R^B\m- 

Our flrst step will be to introduce the n-particle subspace ^ of J^R,B;m- For 
this purpose we consider 

N 

n = ^L\R^) , (3.12) 

a=l 

equipped with the standard scalar product 



For n > 1 the n-particle space ^ we are looking for, will be a subspace of the 
n-fold tensor power characterized by a suitable projection operator P^^- The 

ingredients for constructing essentially two: a specific finite group and its 

representation in defined in terms of the exchange factor R and the refiection 

matrix B. 

Let us concentrate flrst on the group. In the case of Ar, this was [17] simply the 
permutation group P„. The physics behind Br suggest to enlarge in this case the group 
by adding a reflection generator. More precisely, we consider the group Wn generated 
by {r, CTj : ^ = 1, n — 1} which satisfy 




(3.13) 



(3.14) 



1 <i<n-2 



(3.15) 



Gn-l T CJn-l T = T (T„_i T (Tn-1 



^2 _ ^2 _ -, 
C7j - T - 1 



(3.16) 
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Wn is the Weyl group associated with the root systems of the classical Lie algebra 5„ 
and has elements. Although it contains no permutations, Wi = {1, r} is nontrivial. 

We turn now to the representation of Wn in Ti®"^. Observing that any clement 
(fi e Ti®"^ can be viewed as a column whose entries are (^q,^...q,„ (xi, . . . , Xn), we define 
the operators {T^^\ S^;^^ : i = 1, n — 1} acting on TY®"' according to: 



ai . . .Or 



[Rii+l{Xi,Xi+i)]l\-;;l^^^(pf3,...f3^ixi, ...,Xi+i,Xi, ...,Xn) , n>2 



rp{n) 



J ai...ar 



[Bn{Xn)]a;:far.^P^...pSxi,...,Xn-l,-Xn) , n>l 



(3.17) 



(3.18) 



where 



and 



[R^A^^^^J)t\::t = ■ -s^ ■ • -4 ■ Rf^^i^^.^j) (3.19) 



(3.20) 



The hat in eqs.(3.19,20) indicates that the corresponding symbol must be omitted. For 
implementing eqs.(3.17,18) on the whole H'^'^, we assume at this stage that the matrix 
elements Ra\^2(^^'>^'^) B^{x) are bounded functions. We are now in position to 
prove 

Proposition 4: {T^^\ S^^^ : z = l,...,n— 1} are bounded operators on Ti®^ and the 

mapping 



X 



in) . ^ 



S, 



in) 



i = 1, ■ ■ ■ ,n — 1 



(3.21) 



defines a representation ofWn inT-f^^. Moreover, 



pin) ^ J_ ^in), ^ 



(3.22) 



is a bounded projection operator in TY®"'. 
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Proof. The main point is to show that {T^, S^""^ : z = l,...,n-l} obey eqs.(3.14-16). 
This can be checked directly. Eqs.(3.14) are satisfied by construction. Eqs.(3.15) follow 
from (2.10) and (3.9). Finally, eqs.(2.9) and (3.10) imply (3.16). 

Let us observe in passing that -P^^b orthogonal projector only if the N x N 

identity matrix e belongs to M.{R,B). In general orthogonal, but being a 

bounded operator determines for any n > 1 a (nonempty) closed subspace 

n^B^p^R^n^'' ■ (3.23) 

By construction the elements of ^ behave as follows: 

(3.24) 

fa^...aA^l,-,Xn) = [BniXn)]'i\';:^il^f3^...l3^{xi, ...,Xn-l, -Xn) ■ (3.25) 

Setting H% B — '^^ introduce also the finite particle space J^^B;m^) ^ 
(complex) linear space of sequences tp = {ip^^\(f^^\ ...,(f^'^\ ...) with (p^'^^ e s ^-^id 
(p{n) = for n large enough. The vacuum state is f2 = (1, 0, 0, ...). 

At this point we define on B-mC^) annihilation and creation operators 
{a(/), a*(/) : f eU} setting a(/)n = and 

Hf)vG..c.„ ixi,-,Xn) = j d'xf^^^{x)^tl^^...^S^,X^,...,Xr^) , (3.26) 



[«*(/V£L„(^l'---'^n) = V^ P^^/®^'^"-'^ {xi,...,Xn) , (3.27) 



ai • • -ay 



for all G ^R^B:mO^)- The operators a(/) and a*(/) are in general unbounded on 
B-mi^^)- However, for any ^'^''^ e ^ one has the estimates 

II aif)^(-^ II < II / nil V'^"^ II , II a^W^") II < II P^r,b'^ IIII / llll V'^") II , 

(3.28) 

II • II being the L^-norm. Therefore a(/) and a*(/) are bounded on each 'H^^. 

The right hand side of eq.(3.27) can be given an alternative form by implementing 
explicitly the action of P^^b- ^he resulting expression is a bit complicated, but since 
in some cases it might be instructive, we give it for completeness: 
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1 " 

V [Rk-ik{xk-l,Xk) ■ ■ ■ Rl2{xi,Xk)]'l'-^:f^^ [ff3^ {xi,...,Xk,..., Xn) + 

^^"^ k=2 

C(x]i\ a^i, a^^j, Xn)^^..^^fyi {~Xk)(Pj2---'rn {xi, • • • , X}-, . . . , a^n)] > (3.29) 

where 

[Rl2ixki Xi)R23ixk, X2) ■■■Rk {k+l)ixkiXk) •••-??( n— 1) n {xff, aJ,^)S^(aJ/j)' 
-R(n-l)n(a;n, -^^fe) " ' ' Rk (k+l){Xk, -Xk) ■ ■ ■ R23{x2, -Xk)Rl2{xi, -Xk)]'l\.f^^ ■ (3.30) 

We turn now to the boundary generators, defining b^{x) as the multiphcative op- 
erator whose action on JF^ B-mC^) given by eq.(3.7) and 

i^li -.Xn) = [Roi{x,Xi) Ri2{x,X2) ' ■ ■ R^n-1) n{x, Xn) Bn{x)- 
■R{n-l)n{Xn, -x) ■ ■ ■ Rl2{x2, -x) Roi{xi, -x)]^f^\::t;i<Ps^l_s^{xi, ...,Xn) , (3.31) 

for n > 1. Notice that the boundary generators {b'^ix)} preserve the particle number. 

By construction {a(/), a*(/)} and {b^{x)} leave invariant B-mi'^)^ which we 
take as the domain V, whose existence was required in the definition of Fock represen- 
tation. For deriving the commutation properties on V it is convenient to introduce the 
operator- valued distributions aoi{x) and a*'* (a;) defined by 

a{f) = Jd'xp^{x)aa{x) , a*{f) = Jd'xUx)a*^{x) . (3.32) 

After a straightforward but lengthly computation, one verifies the validity of the fol- 
lowing statement. 

Proposition 5. The operator-valued distributions {aa{x) , a*°' (x)} and {b^{x)} satisfy 
the relations (2.3-8) on V. 

Assuming that A4{R, B) ^ 0, we proceed further by implementing the involutions 
{Im '■ m e M.{R,B)}. For this purpose we have to construct a sesquilinear form 
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{■, ■)m on V, such that the mapping (2.12-14) is reahzed as the conjugation with 
respect ( • , ■ Let us consider the following form on T>: 

oo 

= , (3.33) 

n=0 

where 

=^^°V(°^ , (3.34) 

J cZxi---cZx„^(")tai...a.(a-^,...,a,^)^^i(^^)...^^«^ . (3.35) 

The right hand side of (3.33) always makes sense because for any (f^ipeV the series is 
actually a finite sum. Using that m{x) satisfies eqs.(2.15) and (3.6), one easily proves 

Proposition 6. The inner product defined by (3.33-35) is nondegenerate on T> and the 
involution Im is implemented by {■ , ■ )m- conjugation. 

The next question concerns the positivity of ( • , ■)m- This point is conveniently 
discussed after introducing the subset M.{R.,B)+ of those elements of M.{R,B), which 
are positive definite almost everywhere in R*. One has indeed 

Proposition 7. The inner product {■ , ■)m is positive definite on V if and only if 
m e M{R,B)+. 

Proof. From eq.(3.35) it is clear that if m e Ai{R, B)+ then the inner product is positive 
definite. Conversely, suppose that ( • , ■)m is positive definite. Let j/ e R* be a fixed 
non zero vector, and take an arbitrary f & Ti with support laying in the half space 
X ■ y > 0. Consider the 1-particle state 

Mx) = [Pii^BfUx) = I [fa{x) + B^{x)fp{-x)] . (3.36) 

Using eqs. (3.6,10) and the support properties of fa, one gets 

{^,^)m=lj d^xf^"{x)mi{x)ff3{x) . (3.37) 
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Since / is arbitrary, positivity of ( • , •)rri implies that m{x) is positive definite almost 
everywhere in the half space x ■ y > 0. Finally, the arbitrariness of y allows to extend 
the validity of this conclusion to R^. 

Proposition 7 shows that there are two kinds of Fock representations of Br. The 
representation J-R^B;m will be called of type A if ( • , • )m is positive definite; otherwise we 
will say that J-R^B;m is of type B. The standard probabilistic interpretation of quantum 
field theory applies directly only to the A-series. This does not mean however that the 
B-scrics has no physical applications. In the last case one has to isolate first a physical 
subspace where ( ■ , ■ )m is nonnegative. This is usually done by symmetry consideration 
and may depend on the specific model under consideration. 

The final step in completing the derivation of J-R^B;m is the construction of the 
representation space C. It is necessary at this stage to consider the classes A and B 
separately. For m e A1(-R, B)j^ the inner product space {V, ( ■ , ■ )m} is actually a pre- 
Hilbert space. Let J-'R,B-m{'H) be the completion of V with respect to the Hilbert space 
topology. Clearly C = ^R,B;m{T^) satisfies all the requirements. 

For type B representations there is no distinguished Hilbert space topology for 
completing T>. A natural substitute is the topology r defined by the family of seminorms 

= li'ip , v)m\ , ip,'ipe'D . (3.38) 

It turns out [2] that r is the weakest locally convex topology in which ( • , is sepa- 
rately T-continuous. Moreover, r is a Hausdorff topology, because ( • , • )m is nondegen- 
erate. Therefore V admits a unique (up to isomorphism) r-completion, which has all 
the needed properties and provides the space C for the B-series. 

We conclude this section by a general observation, which concerns A-type repre- 
sentations only and is based on the fact that any m e A^(i?, S)+ can be written in 
the form m{x) = p^{x)p{x), where p{x) is an invertible matrix. Notice that p{x) is not 
unitary unless m{x) — e. It is easy to show that the mapping induced by 

aaix) ^ p^M <^0i^) , a*-^-^^a*^ix)p-'^ix) , (3.39) 

bi{x)^pl{x)b'^{x)p-'^i-x) (3.40) 
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is an isomorphism between {Bji, Im} and {Bji', Ig}, where 

Rt\ti^i,^2)=pl\{x,)pll{x2)Rf;,',^^^^^^ . (3.41) 
Setting 

B'iix)=pZ{x)B'^ix)p-''',{-x) , (3.42) 

one has in addition that J-R,B;m and J-r'^b'-c are equivalent. In other words, for 
any m e A4{R,B)+ one can equivalently replace Im with 1^, suitably modifying (see 
eqs. (3.41,42)) the exchange factor R and the reflection matrix B. 

Let us mention finally that the above formalism carries over easily to the Fock 
representations of Br^x. One must only replace the Lebesgue measure d'^x by the 
A-invariant measure \detX'{x)\^/'^d^x. 

4. Applications 

4.1. Free Boson Field on the Half Line 

In order to give a first idea about the physical content of the algebra Br, we focus 
below on a simple example of quantization in R+. More precisely, we construct the free 
boson field ^{t,x), satisfying 

{d^-dl + M^)^it,x)=0 , a;eR+ , (4.1) 

with the boundary condition 

lim(a^ - r]) $(t, x) = , r/ > . (4.2) 

xlO 

The standard Neumann and Dirichlet boundary conditions are recovered from (4.2) by 
setting r/ = or taking the limit r] ^ oo respectively. 

We will show that the quantization of the system (4.1,2) can be described in terms 
of Br with N = 1 and R= 1. The exchange structure of this boundary algebra is trivial, 
which allows to isolate and easily illustrate the physical implications of the boundary 

16 



generator b{k). In this section the arguments of the Bi?-generators have the meaning of 
momenta and are denoted therefore by k,p, etc. 
Let us introduce the phase factor 

m = ^ ■ (4.3) 

Then the triplet {R = 1, B;m = e} satisfies all requirements of the previous section and 
one can construct the corresponding Fock representation J-'i^B-e- Eq.(3.30) shows that 
the operator b{k) acts as a multiplication by B{k). Therefore, one is left in Ti,B;e with 
the following relations: 

[a{k) , a{p)] = , 

[a*{k),a*{p)] = , (4.4) 

[a{k) , a*ip)] = ls{k-p) + \B{k)5{k + p) . 

Notice that these would be the standard canonical commutation relations, apart from 
the term B{k)5{k + p). We define now the field operator 

^{t,x)= / o(A;)e-^'^('=)*+^^^ + a*(A:)e^'^('=)*-^'=^ , (4.5) 



V^27rw(/c) L 



where 



uj{k) = a/m2 + A;2 . (4.6) 



This is just the expression in the case without boundary, but one should keep in mind 
that now the algebra of creation and annihilation operators is different. 

By means of (4.4) one easily derives the basic correlator - the two-point Wightman 
function 

-oo 47ra;(A;) L J 

(4.7) 

where ti2 = ti — ^2- The right hand side of eq.(4.7) defines a tempered distribution 
{B{k) is and bounded on R), which satisfies eqs.(4.1,2). It consists of two terms. 
The term without B{k) is the usual two-point Wightman function of the system without 
boundary. The term proportional to B{k) has its origin in the boundary generator and 
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explicitly breaks translation and Lorentz invariance. It is remarkable that in spite of 
this fact, x) is a local field. The validity of this statement can be deduced from the 
commutator 

[<^{tuXi),<^{t2,X2)]=iD{ti-t2,XuX2) . (4.8) 



One has 



where 



D{t,Xi,X2)^A{t,Xi-X2) + A{t,Xi+X2) , (4.9) 



sin[a;(/c)t] e^^(— ^) (4.10) 
is the ordinary Pauli-Jordan function with mass M and 

— — - sin[a;(A;)t] B{k) e^'=(^i+^2) . (4.11) 
-oo 27ra;(A;) 

Observing that for xi, X2 G R+ the inequality \ti — ^2! < \xi — X2\ implies 
1^1 —t2\ < Xi +X2, one concludes that the locality properties of the field $ arc governed 
by the behavior of A{t, x) for \t\ < x. The latter can be easily evaluated and using that 
?7 > 0, one finds 

A(t,^)|„<. = . (4.12) 

So, ^{t,x) is a local field when x e R+. Notice that this is not the case if ^{t,x) 
is considered on the whole real line. The two terms A and A in the commutator 
have a very intuitive explanation. As far as |ti — ^2] < — a^2| no signal can prop- 
agate between the points (ti,xi) and {t2,X2) and the commutator vanishes. When 
\xi — X2\ < 1^1—^2! < Xi + X2 signals can propagate directly between the two points, 
but they cannot be infiuenced by the boundary and the only contribution comes from 
the standard Pauli-Jordan function A. As soon as xi + X2 = \ti — ^2!, signals starting 
from one of the points can be refiected at the boundary and reach the other point. This 
phenomenon is responsible for the term A, and is codified in term proportional to B(k) 
of the boundary algebra (4.4). 

The case 77 < is slightly more delicate due to the presence of a bound state in the 
one-particle energy spectrum, which must be taken into account in the construction of 
a local field. 
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The results of this subsection can be obviously generalized to higher space-time 
dimensions. 



4.2. Scattering on the Half Line 

Before entering the details of the application of Br to factorized scattering with 
reflecting boundary conditions, we will discuss the simple case of particles of mass M 
freely moving on R+ and bouncing over a wall at a; = 0. The relevant one-particle space 
is L^(R_|_, (ix). We denote by C L^(R_|_,(ix) the subspace of C°°-functions on R_|_, 
which vanish for sufficiently large x, have square integrable first and second derivatives 
and obey 

lim ( — - rA (p(x) = . (4.13) 
xio \ dx J 



The current 

i \ flin rl Tn 

(4.14) 



_dip d ip 

2m ' 

satisfies j(0) = for all (/? G -D,,, thus preventing any probability fiow through the wall 
a; = 0. For one-particle Hamiltonian we take 

H(^) = -J-A , (4.15) 

defined on D^. The evolution problem is well posed because H^^\ which is obviously 
symmetric, is actually essentially self-adjoint [22]. A set of (generalized) eigenstates 
verifying (4.13) is 

iPkix) = e-''''' + B{k)e''''' , keR , (4.16) 

where B{k) is given by eq.(4.3). The eigenvectors (4.16), which represent physically 
scattering states, satisfy 

ilj-k{x) = M^) = B{-k)Mx) ■ (4.17) 

For r] > the systems {ipk ■ k > 0} and {ip-k : k > 0} are separately complete and 
are related via complex conjugation, which in the physical context implements time 
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reversal. When r/ < 0, there is in addition a unique bound state 



Mx) = V^e''" , (4.18) 

with energy E = —rf'/2M. 

The n-body Hamiltonian of the associated multiparticle Bose system 

^^^"^ = -^(Ai + ... + A„) (4.19) 

is defined on - the subspace of symmetric functions in D®'^. Clearly, there is neither 
particle production nor particle collision in this model. There is however a nontrivial 

reflection from the boundary, which can be described as follows. One can consider as 
representing a particle, which when time t — oo, travels with momentum —k towards 
the wall. Accordingly, we take 

\-kr = -^M^) , A;>0 , (4.20) 

V ^TT 



as a basis of one-particle "in" -states. Concerning the basis of one-particle "out" -states, 
the analogous consideration gives 

|/c)°"*=-^V^,(x) = -^V-fe(^) , k>Q . (4.21) 

The scattering operator is defined at this point by 

S =\-ky'' . (4.22) 

For 7/ > 0, is by construction a unitary operator on L^(R+,(ia;). For r] < S is 

defined and unitary on the subspace of L^(R+,cia;) which is orthogonal to the bound 
state (4.18). The one-particle matrix elements of S read 

1 r°° 

-'''{k\S\pr' = °'''{k\-py^ = — dxM^)M^) = B{k)5{k-p) . (4.23) 
More generally 

- pi, -pnY"" = B{ki)...B{kn)S{ki - pi)...6{kn - Pn) , (4.24) 
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provided that ki > ... > > and pi > ... > Pn > 0. 

Our main observation now is that the above simple scattering problem admits a 
field-theoretic solution in terms of the algebra (4.4). In fact, it is easy to verify that the 
vacuum expectation values 

2''{a*{ki)...a*{kn)n,a*{-pi)...a*{-pn)n)^ , (4.25) 

in the Fock representation ^i,B;e reproduce precisely the transition amplitudes (4.24). 
We have therefore the following Fock realization 

\ki, ...,A;n)°''* = 2^a*(ki)...a*(kn)n , /ci > ... > /c„ > , (4.26) 

\-pi,...,-Pn)'"^ = 2^a*{-pi)...a*{-pn)n , pi>...>pn>0 , (4.27) 

of the interpolating states. Summarizing, the scattering operator of our simple model 
has a purely algebraic characterization. In this respect, the term proportional to B{k) 
in (4.4) is the algebraic counterpart of the boundary condition, given analytically by 
eq.(4.13). 

At this stage we have enough background for facing the more complicated problem 
of scattering in integrable models with reflecting boundary conditions in 1+1 space- 
time dimensions. The presence of particle collisions in this case leads in general to the 
boundary algebras Br with R ^ 1. Using the Fock representations of Br, derived in 
the previous section, we present below a rigorous construction of the /^-matrix, which 
generalizes some previous results [20] valid in the absence of a boundary. We also 
show that under certain conditions on the triplet {R, B; m}, the transition amplitudes, 
originally derived by Cherednik [4] , are indeed Hilbert space matrix elements of a unitary 
operator. 

The asymptotic particles of integrable models are parametrized by their rapidity 
^ e R and internal "isotopic" index a = 1, N. We recall that in the case of relativistic 
dispersion relation the energy-momentum vector is expressed in terms of 9 and the mass 
M according to 

/ = Mcosh(^) , p^ = Msinh(^) . (4.28) 
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An elastic reflection p^) i — —p^) corresponds therefore to the transformation 
— >-d. 

The fundamental building blocks for constructing the scattering operator are the 
matrices -Rq^^^j (6*1, 6*2) and B^{9), which are supposed to satisfy eqs.(2.9,10) and 
(3.9,10). We allow for R to depend on 9i and 62 separately (and not only on 9i — 82), 
because in general the presence of boundaries brakes down Lorentz invariance. 

A crucial observation is that the algebra Bji alone does not determine the scattering 
operator S we are looking for: one must fix in addition an involution Im- The latter 
selects a Fock representation J^R^B;rm which is the main ingredient for constructing S. 
Postponing the discussion of the physical meaning of the choice of m e M.{R,B) to 
the end of this section, it might be instructive for the time being to describe the set 
At(-R, B) for some familiar integrable model. We choose the SU{2) Thirring model. In 
this case N = 2 and setting 612 = Oi — O2 the relevant i?-matrix reads [1] 

2 r 



ii--0M-e,2)^^^^^ 

where E^tp are the Weyl matrices and 



(4.29) 



The general solution of eqs.(3.9,10), subject to the physical constraint of boundary 
crossing symmetry [10], is given in [3]. Let us concentrate for simplicity on the diagonal 
solutions 

with ?7 e C and 

Let (/i-) be any measurable real- valued even (odd) function, such that n± and 
1/a*± are bounded. Then, if Rery = 0, the set M.{R, B) contains all matrices of the 
form 

mie) = fi+id){E^^ + ^E22) , CeR,^^0 . (4.33) 
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In addition, for = one has the solutions 

mie)=fi_ie){CE^2 + CE2i) , CeC . (4.34) 

From eq.(4.33) it foUows that M{R,B)+ ^ 0. 

After this concrete example illustrating the set B), we return to the general 

framework. The idea is to extend the formalism, developed at the beginning of this 
section for the Schrodinger particle on the half line, to the case of integrable models. In 
what follows we assume that 

M{R,B)+j^0 (4.35) 

and consider representations J-'R^B;m of type A. The physical motivation for this restric- 
tion is quite evident. According to proposition 7, it ensures positivity of the metric in 
the asymptotic spaces !F°^^ and .F'", which we are going to construct now. For this 
purpose we introduce the following relation in Cq°(R): 

/i^/2 ^ ^i>^2 V^i esupp(/i), V^2esupp(/2) . (4.36) 

We will adopt also the notation 

f^O ^ e>0 V6'esupp(/) , (4.37) 

and 

f{e) = f{-e) . (4.38) 

As suggested by eqs. (4.26,27), J^°^^ and J^'^ are generated by finite linear combinations 
of the vectors (A; > 1) 

£°''' = {n,a*ih)---a*ifk)n : y ■ ■ ■ y fk^^ y 0,y ...,ak = 1, ...,N} (4.39) 

and 

£'^ = {Q,a*ig^)---a*igk)n : ^i,^ ^ • • • ^ ^^^^ ^ 0, V/?i, = 1, TV } (4.40) 

respectively. By construction both !F°^^ and !F^^ are linear subspaces of the Hilbert 
space TR,B-rn{Ti)- 
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One should notice that in principle there are elements of B mO^) which belong 
neither to nor to We call them mixed vectors. Linear combinations involving 

both in- and out-states provide in general examples of such vectors. In spite of the 
existence of mixed vectors, the subspaces and JF^" satisfy a sort of asymptotic 

completeness, which is essential for constructing the S'-matrix. More precisely, one has 

Proposition 8. J^°^^ and separately are dense in TR^B-mi'H). 

Proof. We focus on Let (f e J^R,B;m{'H) and let us assume that 

(^,V)m = o VV^e.F^-* . (4.41) 

In order to prove the thesis, we have to show that (p = (^ip^'^\ ip^^\ . . . , ip^'^\ . . = 0. 
Obviously (/?*^°^ = 0. Let us consider ip^'^'> for arbitrary but fixed n > 1. Eq.(3.27) and 
eq.(4.41) imply that 

jde^--- dOn ^(-)t«— " [Ou en)mi\ (^i) • • • mil i^n)fl,, (^l) " " " /n,„ (^n) = 

(4.42) 

for aU /i, fn such that y ■■•y fn„^ ^ Vcki, = 1, N. Therefore 

vS...aJ0u...,0n) = (4.43) 

in the domain 6i > ■ ■ ■ > 0^ > 0- Finally, using that (/?("^ G ^ has definite 
exchange and reflection properties described by eqs. (3.24,25), one can extend the domain 
of validity of (4.43) and conclude that <^*^"^ actually vanishes almost everywhere in R". 
Clearly, a similar argument applies also to the case of 

We observe in passing that the definition of and does not explicitly involve 
the boundary generators {6^(6*)}. This fact is not surprising because fl is cyclic with 
respect to {a*"{9)}. 

At this point we are ready to define the scattering matrix S and to prove that it is 
a unitary operator in J^R,B;m{'H). The construction consists essentially of three steps. 
One starts by defining S as the following mapping of onto E^^: 

Sn = n , (4.44) 
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Sa''{gi)a*{g2) ■ ■■a*{gk)n = a*{g{)a*{g2) ■ ■■a*{gk)n , (4.45) 
where gi^^ y ■ • • >- gk^^^ y 0, V/3i, /3fc = 1, A?". It is not difficult to check that 

(5^^°"*, -S¥'°''*)m = <^°''*)m , VV'^^'S e . (4.46) 

Moreover, 5' is invertible and 

{S-'i;'^ , S-'ip^m = (V'^" , 'Pnm , VV'^^ ^'"^ e S'^ . (4.47) 

The second step is to extend S and by linearity to the whole jF°'^* and JF^" 
respectively. Clearly, one has to show that these extensions are correctly defined. Con- 
sider for instance S and suppose that there exist a sequence 

9l,^---^9l^^0, yPu-,Pk = l,...,N, i = l,...,M, 

such that 

M 

a*igi)a*ig2) ■ ■■a*igk)n = J] a*(^i)a*(^^) • --a^gDn . (4.48) 

1=1 

In order to prove that the linear extension of S is not ambiguous, we must show that 

M 

a*{gi)a*{g2) ■ ■■a*igk)n = J] a*(5^/)a*(g) • ■■a*igi)Q . (4.49) 
The argument is as follows. In the domain > ^2 > ••• > ^fe > eq.(4.48) implies that 

M 

91,, (^1) 92,, (^2) • • -gk,, {Ok) = (^1) 92,, {O2) ■ ■ -gl^^ iOk) . (4.50) 

1=1 

Because of the support properties of {gj} and {gj} one has that eq.(4.50) holds actually 
in R'^, which projected by P^^^ proves the validity of eq.(4.49). 

It is easy to see also that eqs. (4.46,47) remain valid for the linear extensions of S 
and 5""^ on jF°"* and JF™ respectively. This fact implies in particular that both S and 

are bounded linear operators. 

Finally, one extends S and by continuity to J-R,B;m{'H) . Because of the asymp- 
totic completeness proven in proposition 8, the extensions are unique and define the 
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unitary scattering operator and its inverse. As it should be expected from integrability, 
one has SH^ ^ T^r^b- Notice however, that in contrast to the case without bound- 
ary, where the scattering operator leaves invariant each one-particle state, the ^'-matrix 
constructed above acts nontrivialy already in Ti.]^ ^. 

By construction the matrix elements of S between out-states in the Fock space 
^R,B;e{'H) rcproducc precisely the transition amplitudes derived by Cherednik [4]. Since 
the latter are referred to the involution Ig, a natural question arising at this point con- 
cerns the physical meaning of other possible choices of m G A4{R, B)^. For answering 
this question we consider two generic asymptotic states e JF'" and -i/^""* G If 
both m, e G A^(i?, one may compare the transition amplitudes associated with 
the involutions 1^ and 1^. One finds 

(V^-^ , ^-)m = , ^2)e = ii^r , <fine , (4.51) 

where (p^^ and ip^^^ are the "dressed" in- and out-states 

i^X...a^O^,...,On)^mZ{Ol)■■■mllier^)i^n^^^^^^ , (4.52) 

{^rtlf,Je^,...,er.)^m^lie^)■■■m^^^^^^^ . (4.53) 

It follows from eq.(4.51) that the effect of the involution 1^ is exactly reproduced in 
^R,B;e by appropriate dressing (4.52,53) of the in- or out-states. 
The results of this section can be summarized as follows. 

Proposition 9. Suppose that the exchange factor R and the reflection matrix B satisfy 
(2.9,10) and (3.9,10). Assume also that A4{R,B)^ ^ 0. Then the scattering operator 
associated with the Fock representation J-R,B;m is unitary for any m G A1(i?, -B)+. 

Conditions (2.9,10) and (3.9,10) are standard for the scattering on the half line. 
The same is true for (2.15), which is usually imposed in the slightly stronger form 

R^tll{0,,0^) = Ri\i\{02.0r) , (4.54) 

known as Hermitian analyticity. We emphasize that condition (3.6), which is often 
overlooked in the physical literature, is essential for the unitarity of S and represents 
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therefore an useful criterion for selecting possible reflection matrices. In the case of the 
SU{2) Thirring model one gets in this way the restriction Rer/ = in eqs. (4.31,32). 

Let us mention also that if R depends on the difi^erence $12 = di — O2, one usually 
assumes [13,26] that R admits a suitable continuation to the complex ^12-plane, which 
satisfies crossing symmetry, has certain pole structure, etc. In that case also B is re- 
quired to have a continuation in the complex ^-plane, which obeys boundary crossing 
symmetry [10]. In our example (see eqs. (4.29-32)) R and B admit such continuations. 
Finally, the bootstrap equations [9,26] reduce further the set of physically relevant ex- 
change and refiection matrices. From proposition 9 it follows however that the unitarity 
of S as an operator in J-R,B;m{T^) depends exclusively on the behavior of R and B for 
real values of the rapidities. 

5. Outlook and Conclusions 

In the present paper we have introduced the associative algebra Br and investigated 
some of its basic features. Br admits two series of Fock representations, which have 
been constructed explicitly. The positive metric representations provide a framework 
for deriving Cherednik's transition amplitudes and proving that they are indeed the 
matrix elements of a uniptary scattering operator. We have shown also that the algebra 
B+ enters the Bose quantization on the half line. The associated Klein-Gordon field is 
local, in spite the breakdown of the Poincare symmetry. 

Br is actually a member of a large family of algebras Br^\, which are defined by 
eqs. (2.23-26). Br^\ can be studied in the same way as Br and arc expected to find 
relevant applications to statistical models with boundaries. It will be interesting in this 
respect to extend to Br^x the notion of second i?-quantization, developed in [17,18] for 
the Z-F algebra Ar. 

We point out finally that one can further generalize Br^\, eliminating the condi- 
tion (2.9) and/or (3.10). In this case, instead with the Weyl group Wn, one has to 
deal with an infinite dimensional group W^, which is freely generated by the elements 
{r', al : i = l,...,n— 1} satisfying the relations (3.14,15), but not (3.16). Recent 
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investigations [15] show actually that the group appears in many different physical 
and mathematical contexts. We hope to say more about this generalization of Bji^x in 
the near future. 



In quantum field theory on the half line it is sometimes necessary to allow for a 
quantum number j = 1, ...,Nb to reside on the boundary [10]. We will show below 
that this case is still described by the boundary algebra {BR,Im}, but corresponds to 
representations with slightly more general structure then that of J-'R^B-m- To be precise, 
instead of the requirement 4 formulated in the beginning of Sect. 3, these representations 
satisfy: 

4'. There exists a A^'^-dimensional subspace (vacuum space) V G V, which is anni- 
hilated by aa{x). Moreover, V is cyclic with respect to {a*'^{x)} and ( • , • )m is 
positive definite on V. 

For Nb = 1 we recover the property 4 specifying J'R^B;m- 

Let us briefly describe now the main features of the representations characterized 
by the conditions 1-3 and 4'. Let fi"*^, . . . , fl^^ be an orthonormal basis in V. We denote 
by Pq be the ( ■ , ■ )OT-orthogonal projection on V and define 



Appendix 



(Al) 



Notice that B^{x) is now an operator, carrying the vacuum space into itself. 



k 



{A.2) 



The following obvious generalization of Proposition 3 holds. 



Proposition 3'. The vacuum space V is unique and satisfies 




{A.3) 
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Projecting the relevant equations on the vacuum space, one immediately verifies the 
validity of (3.6,9,10) as operator equations on V. 

Summarizing, the basic input for constructing the above more general class of rep- 
resentations of {Bii,Im} is still the triplet {i?, i?;m}, the novelty being that B^{x) 
are operators which satisfy (3.6,9,10) on V. Apart from the following minor modifi- 
cations, the construction precisely follows that described in Sect. 3. First of all, the 
elements of ^ carry an extra lower index varying from 1 to Nb ■ In the scalar prod- 
uct this index is saturated among the two states. Second, performing the substitution 
^aii^) ^ -^f ■ fc(^) eq.(3.20), the operator Bi{x) becomes a A''^ x A^'^-matrix, which 
inserted in (3.30,31) acts on the states by a standard matrix multiplication. 



29 



References 

1. Belavin, A. A.: Exact Solution of the Two-dimensional Model with Asymptotic 
Freedom. Phys. Lett. B 87 117-123 (1979) 

2. Bognar, J.: Indefinite Inner Product Spaces. Berlin: Springer Verlag, 1974 

3. Chao, L., Hou, B., Shi, K., Wang, Y., Yang, W.: Bosonic Realization of Boundary 
Operators in S't/(2)-invariant Thirring Model. Int. J. Mod. Phys. A 10, 4469-4482 
(1995) 

4. Cherednik, I. V.: Factorizing Particles on a Half Line and Root Systems. Theor. 
Math. Phys. 61, 977-983 (1984) 

5. Corrigan, E., Dorey, P. E., Rietdijk, H. R.: Aspects of Affine Toda Field Theory 
on a Half Line. Suppl. Prog. Theor. Phys. 118, 143-164 (1995) 

6. Faddeev, L. D.: Quantum Completely Integrable Models in Field Theory. Soviet 
Scientific Reviews Sect. C 1, 107-155 (1980) 

7. Fendley, P., Saleur, H.: Deriving Boundary S Matrices. Nucl. Phys. B 428, 
681-693 (1994) 

8. Fring, A., Koberle, R.: Affine Toda Field Theory in the Presence of Reflecting 
Boundaries. Nucl. Phys. B 419, 647-664 (1994) 

9. Fring, A., Koberle, R.: Factorized Scattering in the Presence of Reflecting Bound- 
aries. Nucl. Phys. B 421, 159-172 (1994) 

10. Ghoshal, S., Zamolodchikov, A. B.: Boundary S Matrix and Boundary State in 
Two-Dimensional Integrable Quantum Field Theory. Int. J. Mod. Phys. A9, 
3841-3886 (1994) 

11. Ghoshal, S.: Boundary S-matrix of the 0(A'')-Symmetric Non-Linear Sigma Model. 
Phys. Lett. B 334, 363-368 (1994) 

12. Ghoshal, S.: Bound State Boundary S-Matrix of the Sine-Gordon model. Int. J. 
Mod. Phys. A 9, 4801-4810 (1994) 

13. Karowski, M., Weisz, P.: Exact Form Factors in (l+l)-Dimensional Field Theoretic 
Models with Soliton Behavior. Nucl. Phys. B 139, 455-476 (1978) 

14. Kuczma, M., Choczewski, B., Ger, R.: Iterative Functional Equations. Cambridge: 
Cambridge University Press, 1990 

30 



15. Kulish, P. P., Sasaki, R.: Covariance Properties of Reflection Equation Algebras. 
Progr. Theor. Phys. 89, 741-761 (1993) 

16. LeClair, A., Mussardo, G., Saleur, H., Skorik, S.: Boundary Energy and Boundary 
States in Integrable Quantum Field Theories. Nucl. Phys. B 453, 581-618 (1995) 

17. Liguori, A., Mintchev, M.: Fock Representations of Quantum Fields with Genera- 
lized Statistics. Commun. Math. Phys. 169, 635-652 (1995) 

18. Liguori, A., Mintchev, M., Rossi, M.: Unitary Group Representations in Fock 
Spaces with Generalized Exchange Properties. Lett. Math. Phys. 35, 163-177 
(1995) 

19. Liguori, A., Mintchev, M.: Boundary Exchange Algebras. Preprint IFUP-TH 
21/96, March 1996 

20. Liguori, A., Mintchev, M., Rossi, M.: Fock Representations of Exchange Algebras 
with Involution. J. Math. Phys. 38 2888-2898 (1997) 

21. Penati, S., Zanon, D.: Quantum Integrability in Two-Dimensional Systems with 
Boundary. Phys. Lett. B 358, 63-72 (1995) 

22. Reed, M., Simon, B.: Methods in Modern Mathematical Physics II: Fourier Analy- 
sis, Self-Adjointness. New York: Academic Press, 1975 

23. Saleur, H., Skorik, S., Warner, N.P.: The Boundary Sine-Gordon Theory: Classical 
and Semi- Classical Analysis. Nucl. Phys. B 441, 421-436 (1995) 

24. Sklyanin, E. K.: Boundary Conditions for Integrable Quantum Systems. J. Phys. 
A: Math. Gen. 21. 2375-2389 (1988) 

25. Warner, N. P.: Supersymmetry in Boundary Integrable Models. Nucl. Phys. B 
450, 663-694 (1995) 

26. Zamolodchikov, A. B., Zamolodchikov, A. B.: Factorized S'-Matrices in Two Di- 
mensions as the Exact Solutions of Certain Relativistic Quantum Field Theory 
Models. Ann. Phys. 120, 253-291 (1979) 

27. Zhao, L.: Fock Spaces with Reflection Condition and Generalized Statistics. Pre- 
print |hep-th 960400^ 



31 



